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 This paper presents an improved approach where the wavelet functions are developed 

for particularly two-dimensional (2D) trusses. In the proposed scheme, a clear-cut 
formulation in a fluent manner has been derived to numerically solve the second-

ordered differential equation of motion governing 2D trusses using two different types 

of basis functions including, complicated Chebyshev and simple Haar wavelet 
functions. For this aim, a simple step-by-step algorithm is implemented to calculate 

corresponding dynamic quantities of 2D trusses. In addition, validity and effectiveness 

of the proposed approach are demonstrated by one example, compared with some of the 
existent numerical integration methods such as family of Newmark-β, Wilson-θ and 

central difference method. Finally, it is shown that the time history analysis of 2D 

trusses is optimally achieved by lesser computational time and high accuracy of 
responses, using a long-time increment. 
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INTRODUCTION 

 

 Numerical and step-by-step time integration methods are widely utilized in the computational analysis and 

evaluation of dynamic systems. Precise and efficient numerical integration schemes have been the focus of 

significant interest to solve Multi-Degrees-of-Freedom (MDOF) problems of structural dynamics. As a result, 

because of complexity of not only nonlinear but also large-scaled structures, time integration methods are only 

options to investigate about responses of the system. In general, there are two basic categories of time 

integration approaches. First, direct integration schemes whereby the quantities of the dynamic system are being 

calculated through a direct space vector in the step-by-step solution of the equation of motion. Second, indirect 

integration schemes involving all corresponding equations being numerically transformed into a new space 

vector, e.g. from the time domain to the frequency domain. Afterwards, step-by-step dynamic analysis is 

accordingly performed and fulfilled on the current space vector (Bathe, K.J., 1996). Theoretically, it has been 

perceived that direct methods are most applicable for structural dynamics, where the response is computed in set 

of short time increments through the accurate approximation of external excitations. Consequently, it requires 

high amounts of storage capacity to gain a proper time history analysis of large-scaled structures. What is more, 

responses calculated by direct algorithms are not numerically optimal over the wide range of natural frequencies 

i.e. large-scaled and 2D trusses (Chang, S.Y., 2010).  

 Mathematically, researchers have proposed wavelet procedure to examine many types of differential 

equations. However, It has been observed that solution of time dependent equation is being constrained only in a 

unit time step (Yuanlu, L., 2010; Babolian, B., F. Fatahzadeh, 2010). Generally, wavelet functions are 

characterized into the two main categories. The first being 2D wavelet whereby a definite basis function of 

wavelet is being shifted for all scaled functions. The other category is three-dimensional (3D) wavelet involving 

used of an improved wavelet basis function being shifted on each new scale of the mother wavelet (Mahdavi, 

S.H. and H.A. Razak, 2013). 

 In this paper, a straightforward and comprehensive formulation is improved for MDOF systems by 

representing the basis function of Haar and Chebyshev wavelet. Subsequently, to confirm validity of the 

analytical schemes in this study, case study involving a 2D Howe truss under an impact loading is presented and 

discussed. The characteristics of Haar wavelet and Chebyshev wavelet functions are cited to some relevant 

references (Yuanlu, L., 2010; Lepik, U., 2005).   
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Implementation Of Wavelet Approach On Mdof Systems: 

 The dynamic equilibrium for a MDOF system is expressed as (Bathe 1996): 

 
 where, 𝑀∗, 𝐶∗and 𝐾∗ denote the mass, damping and stiffness matrix of a MDOF system, respectively; vector 

𝐹𝑡 is the external loading; Ü𝑡, U̇𝑡 and 𝑈𝑡 are acceleration, velocity and displacement matrix associated to degrees 

of freedom (𝑢 ̈𝑡, lower cases denote relative quantity on each degree of freedom) on discrete set of segmentation 

method’s (SM) point of local time. For example, assumption of 2𝑀 and 𝑑, order of the wavelet and degree of 

freedom, with respect to the MDOF system, dimension of acceleration, velocity and displacement matrix are 

defined by 𝑑×2𝑀 (the factor of transition is assumed by 2). Consequently, the characteristic matrix of system 

are obtained by 𝑑×𝑑 matrices of 𝑀∗, 𝐶∗and 𝐾∗. Firstly, the proposed scheme is implemented on only an axial 

degree of freedom. Term of acceleration is numerically approximated by corresponding wavelet coefficients 

(𝐶𝑇) and wavelet functions (substituting 𝜓(𝑡)=ℎ(𝑡), for Haar wavelet (Lepik, U., 2005) or 𝜓(𝑡) for Chebyshev 

wavelet [4] as follows: 

 
 Multiplying by operation of integration matrix of wavelet (𝑃), the first order of derivation (velocity) is 

numerically approximated by (Mahdavi, S.H., S. Shojaee, 2013): 

 
 Accordingly, displacements are also numerically expanded as in following:  

 
 where, in Equations 3 and 4, 𝑣𝑛 and 𝑢𝑛 denote initial condition for each global time of Δ𝑡=𝑡𝑖+1−𝑡𝑖 , 

respectively. To solve above algebraic system, the unity is being extended by Chebyshev wavelet as:  

 
 Equivalently, for Haar wavelet it is also determined as:  

 
 Thereby, initial conditions of velocity and displacement are numerically developed as:  

 

 
 Substituting Equations. 9 and 10 into Equations 3 and 4, velocity and displacement are approximated as:  

 
 Moreover, dynamic loading of 𝐹(𝑡) is approximated due to its frequency contents as follows: 

F(t) = f
T
 × ψ(t).                                       (13) 

 where, the corresponding time history force 𝐹(𝑡) is 2𝑀 vector, including, a set of discrete quantities related 

to the local times. Equally, the coefficient matrix of load is determined as: 

F1
T

×2M = F1×2M /ϕ (2M)×(2M).            (14)  

 Secondly, Equation 1 is rearranged through the each degree of freedom and after simplification of each row, 

corresponding to each degree of freedom (d) denoted by j, yields: 

 
 where, 𝑗 refers to the degrees of freedom. Subsequently, Equation 15 is simplified as follow (𝑗 is also 

particular degree of freedom): 

 
 where, 𝐼 denotes a 2𝑀×2𝑀 identity matrix. Therefore, coefficients of wavelet are calculated for each degree 

of freedom by solving the above equation. 
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Numerical Application: 

 Figure 1 shows a 2D Howe truss subjected to a 29.43 KN concentrated impact load, which vertically strikes 

node 1 shown in figure. All truss elements are chosen as I-shaped section of IPE160 and damping ratio is 

assumed proportionally 0.01 percentages of stiffness and further characteristics are shown in Figure 1. 

Furthermore, 𝑇𝑚𝑖𝑛=0.0252 sec has been computed as minimum period of the proposed truss, thus at least 

Δ𝑡≤0.55𝑇𝑚𝑖𝑛= 0.0138 sec should be utilized as time increment for common integration schemes, particularly, to 

gain stability of responses those calculated by central difference method (Bathe 1996). To obviously compare 

stability of responses Δ𝑡=0.1 sec and Δ𝑡=0.02 sec has been nominated for numerical approaches and Duhamel 

integration method, respectively. 

 

 
 

Fig. 1: A 2D truss subjected to an impact loading, Δ𝐭=0.1 sec.  

 

 This example is evaluated by using five numerical schemes including, average acceleration of Newmark-𝛽 

family (designated by A_Acc), central difference (CD), Wilson (𝜃=1.4), the proposed method using 16
nd

 scale 

of Haar (designated by HA(2M16)) and 16
th

 scale of Chebyshev wavelet (designated by CH(2M16)). The 

piecewise modal Duhamel integration is supposed as the exact solution and accuracy of results has been 

compared with those. Figure 2 shows the first 2 sec vertical time history displacements of node 1. It shows 

rejected results calculated by using CD method in which that conditional stability is almost neglected. However, 

accuracy of responses for those unconditional stable method such as Wilson or average acceleration method is 

not completely achieved.  

 
 

Fig. 2: The first 2 sec vertical time history displacement of node 1, shown in Figure 1.  

 

 Eventually, the total average error and computation time involved is plotted in Figure 3. It is shown that the 

results computed by Haar wavelet, significantly returned the second highest value of 27.28% (total average 

error). However, the computational time was the lowest at 0.603 sec compared with 1.309 sec for Chebyshev 

wavelet or 2.098 sec for exact results. 

 

 
 

Fig. 3: Total average errors in displacement of node 1, shown in Figure 1 and relative computation time 

involved. 

 

Conclusions: 

 The dynamic analysis of 2D trusses is optimally satisfied using an indirect time integration scheme with 

free-scaled wavelet functions. In addition, due to the inherent complexity of natural frequency, especially for 

large-scaled and 2D trusses, an adaptive wavelet scheme will be achieved by using various types of basis 

functions. Overall, it is practically shown that, the proposed method is an unconditional stable scheme, while its 

computational time is faster than other numerical approaches. 
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